Abstract. We consider a one-parameter family of nonstrictly hyperbolic systems of conservation laws modeling three-phase ow in a porous medium. For a particular value of the parameter, the model has a shock wave solution that undergoes several bifurcations upon perturbation of its left and right states and the parameter. In this paper we use singularity theory and bifurcation theory of dynamical systems, including Melnikov's method, to nd all nearby shock waves that are admissible according to the viscous pro le criterion. We use these results to construct a unique solution of the Riemann problem for each left and right state and parameter value in a neighborhood of the unperturbed shock wave solution; together with previous numerical work, this construction completes the solution of the three-phase ow model. In the bifurcation analysis, the unperturbed shock wave acts as an organizing center for the waves appearing in Riemann solutions.
Introduction
Existence, uniqueness, and well-posedness of initial-value problems for mixed elliptichyperbolic systems of two conservation laws are still unresolved issues of importance, even when the viscous pro le entropy criterion is employed to select physically meaningful shock waves. There are examples of mixed-type systems for which the Cauchy problem for Riemann initial data has multiple solutions that satisfy the viscous pro le criterion, despite that the models arise in the modeling of physical phenomena. Such is the case for for Stone's model for three-phase ow in porous media, of common usage in petroleum engineering, raising doubts about its physical validity and about the meaning of Cauchy problems with discontinuous initial data 1]. A di erent class of models, introduced by Corey 2] , is also employed in petroleum engineering. These models have an umbilic point in state space, an isolated point where the characteristic speeds coincide, instead of the elliptic region typical of Stone's model. The umbilic point is the principal organizing center for Corey models; near this point, these models behave as conservation laws with quadratic polynomial ux functions, which were analyzed in Refs. 13, 6, 8, 9, 10, 12] .
A construction that provides unique Riemann solutions for a Corey model possessing maximal symmetry was described in Ref. 7] . An important tool employed to solve the Riemann problems was a computer program capable of calculating all elementary shock and rarefaction waves present in the solutions. The solutions for an O( ) perturbation of this model, with being a physical parameter that breaks some of the symmetry, were found by de Souza 3] using similar techniques. However, the computer program was incapable of resolving solutions in a small region of state space because of unavoidable numerical inaccuracies. Analysis shows that this region has size O( 3 ) in terms of the perturbation parameter , which is restricted to be less than 0:05; the computer program could not resolve nontrivial bifurcations occurring in a range of 10 ?4 , which is comparable to its numerical accuracy.
The goal in this paper is to nd solutions of Riemann problems in the small region left unresolved in Ref. 3] . For the model with = 0 there is a shock wave solution with left and right states U ?0 and U +0 . We prove that for each left state near U ?0 , right state near U +0 , and near 0 there is a solution of the Riemann problem. This solution has a rich structure, comprising a strong shock wave near the unperturbed solution together with weak shock and rarefaction waves. The construction analyzed in this work provides a unique solution for each Riemann problem. Moreover, this solution is consistent with the global solution of Ref. 3] . One interesting feature of the solution is the occurrence of composite waves containing non-classical (transitional) shock waves.
The analysis consists of two steps. First we consider solutions of the Rankine-Hugoniot relation near the unperturbed shock wave, which constitute a four-dimensional submanifold of the space of left states, right states, shock speeds, and perturbation parameter values. Associated to each such solution is a planar dynamical system that determines its physical admissibility. Because the dynamical system for the unperturbed shock wave is degenerate in several respects, we use singularity and bifurcation theory, including Melnikov's method, to determine the regions of the manifold corresponding to admissible shocks waves. The analysis is simpli ed by the occurrence of invariant lines in the perturbed dynamical systems. Some of the calculations needed for the analysis are carried out using the Maple symbolic manipulation program. In the second step, we concatenate weak rarefaction and shock waves with the perturbed shock waves to obtain the Riemann solutions. Thus the unperturbed shock wave acts as an organizing center for waves appearing in solutions of Riemann problems. We expect the method of this paper, which is similar to that employed in Ref. 14] , to be useful in a wide class of systems of conservation laws.
The paper is organized as follows. In Sec. 2 we state our main result, the existence of solutions of Riemann problems; the proof is given in subsequent sections. In Sec. 3 we nd the phase portraits for dynamical systems giving rise to shock waves that are limits of traveling waves of a parabolic system associated to the system of conservation laws. Some of the analysis is presented in Sec. 4 . The shock waves that are found to be admissible are employed in the Riemann solutions constructed in Sec. 5. In the Appendices A and B we de ne some special shock waves and review terminology and facts from the theory of di erential equations that we use in our analysis.
Main Result
2.1. Problem Statement. The model we consider describes the ow of three incompressible, immiscible uids in a porous medium. Such ow is described by two equations, which derive from the principles of conservation of mass for each uid together with Darcy's force law. We refer the reader to Ref. 7] for the derivation of this model. The equations have a three-fold symmetry when the physical properties of the uids are assumed to be identical; the perturbations we consider change the viscosity of one of the uids.
Thus we consider the one-parameter family of conservation laws U t + F(U; Here u and v are the saturations of two of the phases, denotes the the saturation triangle := f (u; v) : 0 < u < 1, 0 < v < 1, and 0 < u + v < 1 g ; (2.6 ) and 1 + is the ratio of the viscosities of the two phases. The system is strictly hyperbolic, i.e., the eigenvalues of the Jacobian F U (U; ) are real and distinct, for all U within the interior of except the isolated umbilic point U := 1 + 3 + ; 1 3 + ; (2.7) at which the Jacobian is a multiple of the identity matrix. For U 6 = U , let the eigenvalues be denoted k (U; ) for k = 1, 2. Within any simply connected subsets of nfU g, we can choose smooth families of corresponding right and left eigenvectors, denoted r k (U; ) and l k (U; ), respectively.
We shall solve initial-value problems for Eq. (2.1) with data
of Riemann type. In particular, we are interested in how the solutions vary with . The Riemann solutions we construct are composed of centered rarefaction and shock waves. All shock waves appearing in these solutions satisfy the viscous-pro le admissibility criterion for the identity viscosity matrix.
More precisely, a shock wave solution of Eq. (2.1) traveling at speed s has the form U(x; t) = (2.17) This shock wave is degenerate in several respects: at U ?0 , s 0 = 2 ; whereas at U +0 , s 0 = 2 , l 2 F UU r 2 r 2 = 0, and l 2 (U +0 ? U ?0 ) = 0. In the terminology of conservation laws 5], the shock wave belongs to the double sonic locus D, the right hysteresis locus H R , and the right secondary bifurcation locus B R . From the point of view of bifurcation theory, the family of di erential equations _ U = G(U; s; U ?0 ; 0) undergoes transcritical bifurcation at U ?0 and pitchfork bifurcation at U +0 as s passes s 0 . In a sense, this shock wave acts as an organizing center for the bifurcations of waves appearing in Riemann solutions for the system of conservation laws (2.1).
2.2. Existence of Riemann Solutions. The main result of this paper is the following. Theorem 2.1. For > 0 su ciently small, there exists a neighborhood N of the pair (U ?0 ; U +0 ) in such that for all (U L ; U R ) 2 N, the Riemann problem (2.1){(2.8) has a solution.
The proof of this result is given in Sec. 5. It is based on the characterization of admissible shock waves near (U ?0 ; U +0 ), as given in Sec. 3 and proved in Sec. 4 .
The construction provides much detail about the Riemann solutions. There are two wave patterns: (a) a 1-family wave group on the left-side of a 2-family wave group; or (b) a 1-family wave group separated from a 2-family wave group by a transitional wave group. In case (a), the 2-family wave group contains an admissible shock wave with left state near U ?0 and right state near U +0 , whereas in case (b), it is the transitional wave group that contains such a shock wave. All other shock and rarefaction waves are weak, i.e., they are contained in either a neighborhood of U ?0 or of U +0 . For each xed U L , there is a curve in U R -space that separates cases (a) and (b). Each side of this curve is subdivided further according to the number and types of weak rarefaction and shock waves appearing in the transitional and 2-family wave groups. This U R -subdivision depends on the position of U L relative to two curves, so that there are three qualitatively distinct cases.
The subdivision into cases is explained, using diagrams, in Sec. 5. A comparison of these diagrams with those in Ref. 3] shows that the local solution ts consistently with the global solution.
Because the solution diagrams are complicated, it is helpful to rst examine a simpli ed diagram, Fig. 2.1 . This diagram indicates the division into cases (a) and (b) for a xed U L that exempli es one of the three U L cases. (We refer the reader to Appendix A for the de nitions of some special shock waves occurring in the following discussion.) (a) there are exactly two equilibria on L(0), at U ?0 and U +0 ; (b) the equilibrium U ?0 is a saddle-node; its center manifold can be taken to be L(0), with separatrix branch joining U ?0 to U +0 , and its stable manifold is perpendicular to L(0); (c) the equilibrium U +0 is a weak saddle point; its stable manifold is contained in L(0), and its center manifold is perpendicular to L(0). (2) As s passes s 0 in the family of di erential equations (3.3), the equilibrium at U ?0 undergoes transcritical bifurcation, and the equilibrium at U +0 undergoes pitchfork bifurcation. (We refer the reader to Appendix B for a summary of terminology from ordinary di erential equations and bifurcation theory.) These statements are illustrated in Fig. 3 .1, in which all equilibria are hyperbolic except at s = s 0 .
The statements concerning the bifurcation problem We say that the bifurcation problem for (U ? ; ) is nondegenerate on U I provided that:
(I) the only equilibrium bifurcations that occur are the transcritical bifurcation at U ? and saddle-node bifurcations near U +0 ; (II) the only separatrix connections that occur join saddle points, and they break in a nondegenerate manner as s varies; (III) for each xed s, at most one bifurcation of types mentioned in (I) and (II) occurs; (IV) no bifurcation of type mentioned in (I) or (II) occurs on the boundary of I, and no equilibrium or separatrix connection meets the boundary of U. For In a neighborhood of (U ?0 ; 0) in (U ? ; )-space, we de ne the following transition varieties, on which one of conditions (I){(III) is violated: B G : the closure of the set of (U ? ; ) for which Eq. (2.13) has a transcritical bifurcation at an equilibrium near U +0 ; H G : the closure of the set of (U ? ; ) for which Eq. (2.13) has a hysteresis bifurcation at an equilibrium near U +0 ; D G : the set of (U ? ; ) such that for some s, Eq. (2.13) has both a transcritical bifurcation at U ? and an equilibrium bifurcation near U +0 . (1) For the di erential equation _ X = H(X; 0; 0; 0) : (3.13) (a) there are exactly two equilibria on the x-axis, for x = x ?0 := ?(3 ? p 3)=12 and x = 0; (b) the equilibrium at x = x ?0 is a saddle-node; its center manifold can be taken to be the x-axis, with separatrix branch joining x ?0 to 0, and its stable manifold is the y-axis; (c) the equilibrium at x = 0 is a weak saddle point; its stable manifold is contained in the x-axis, and its center manifold is tangent to the y-axis. (2) As passes 0 in the family of di erential equations (3.12) , the equilibrium at x = x ?0 undergoes transcritical bifurcation, and the equilibrium at x = 0 undergoes pitchfork bifurcation. We now analyze the bifurcations at x = x ?0 and at x = 0 using Liapunov-Schmidt reduction and the methods of Ref. (3.19) there is a pitchfork bifurcation at (y; ) = (0; 0) when (x ? ; y ? ; ) = (0; 0; 0). Since each of these sets is a smooth curve, they are equal. We have seen that, in ( ; ; )-space, the sets B \D and H\D each consists of two curves tangent at the origin to the -axis. Since S 0 is transverse to the -axis, it follows that each S c is transverse to each of these four curves. Therefore S c , for c 6 = 0, meets each of these curves once. The previous remarks establish the validity of most of Fig. 3.3 . We note in addition that the inverse image of the point (0; 1; 0) under the linearization of Eqs. In addition to showing the sets B, H, and D, Fig. 3 .2 includes bifurcation diagrams for _ z = f(z; ; ) with = ( ; ; ) in various regions. The diagrams show the ( ; z)-plane, and the curves constitute the set of equilibria, i.e., z such that f(z; ; ) = 0. For a such that there is only one equilibrium, it is a saddle point; when there are three equilibria, the outside ones (at large jzj) are saddle points and the middle one is an attracting node. Also shown in these diagrams is the point along the -axis where g( ; ) = 0.
By virtue of Proposition 3.4, these diagrams correspond to equivalent ones, shown in Fig. 3.3 Each point on the half-line represents the position of the incoming separatrix from the saddle at U ? ; this half-line ends in a dot, the position of the incoming separatrix from the saddle-node at U ? . The reason the half-lines are placed as drawn is that they do not meet the curves of equilibria except when (U ? ; ) 2 B (in which case the curves of equilibria contain the half-line); this is the content of Propositions 3.1 and 3.2. When (U ? ; ) 2 B, the unstable manifold of U ? connects to the equilibrium on L( ) near U +0 . When (U ? ; ) = 2 B, the situation is as follows: the unstable manifold of U ? approaches a node near U +0 if there are three equilibria near U +0 and the half-line lies between two of the equilibria; but there is no connection from U ? to any U + if either (a) there is only one equilibrium near U +0 or (b) there are three equilibria near U +0 and the half-line lies outside all of the equilibria.
3.5. Boundary Curves. The construction of Riemann solutions requires knowing several curves in the vicinity of U +0 that serve as boundaries separating di erent di erent cases. We shall construct these boundaries using the normal form (f; g) and then transform them to the U + -plane. .3) has an invariant line for each s; at s = s 0 , the equilibrium at U +0 , which has the invariant line as its stable manifold, undergoes a pitchfork bifurcation with center manifold transverse to the invariant line. Any perturbation of Eq. (3.3) within the class of bifurcation problems having an invariant line for each s will have a \trivial equilibrium" U(s) near U +0 on the invariant line for all s near s 0 ; at some s near s 0 , this equilibrium will undergo a bifurcation. On the two-dimensional parameter-dependent center manifold, both partial derivatives of the reduced vector eld are zero at (U(s); s). It follows that in a neighborhood of (U ?0 ; 0), f (U ? ; ) : U ? 2 L( ) g B G .
Notice that this set is a two-dimensional manifold, as is B G = ?1 (B). Therefore the two sets are equal.
Proof of Proposition 3.1. We show that S G is a submanifold of codimension 1 in (s; U ? ; )-space. Since f (s; U ? ; ) : U ? 2 L( ) g is contained in S G and is also a submanifold of codimension 1, the two sets coincide in a neighborhood of (s 0 ; U ?0 ; 0).
To study S G , we rst smoothly parameterize the equilibria of Eq. q(t) = U +0 , and let N denote the line segment in the U-plane through q(0) perpendicular to L(0). Then W c (s(P ); (P )) (resp., W(U(P); s(P); (P ))) meets N in a point U 1 (P ) (resp., U 2 (P )). We measure the separation between them by d(P) = _ q(0)^(U 1 (P ) ? U 2 (P )); Since this set is a C k submanifold of codimension 1 in ( ; X ; )-space, S G is a C k submanifold of codimension 1 in (s; U ; )-space.
Solutions of Riemann Problems
In this section we describe the solutions of initial-value problems for the system of conservation laws (2.1) for initial data (2.8), thereby proving Theorem 2.1. We assume that U L is near to U ?0 , U R is near to U +0 , and > 0 is xed. The solutions all contain an admissible shock wave, either of family 2 or of transitional type, with left state near U ?0 and right state near U +0 ; these waves have been characterized in Sec. 3. is xed, and the corresponding wave curve of family 1, W 1 (U L ), is drawn in the top diagram, which shows a neighborhood of U ?0 . The right state U R varies over a neighborhood of U +0 , which appears in the bottom two diagrams. On the bottom left we show the curves that de ne the boundaries of the several regions with distinct solution constructions. On the bottom right we indicate the structure of Riemann problem solutions by drawing representative wave curves of family 2 and of transitional type. Curves with arrows denote 2-rarefaction curves; dashed curves denote 2-shock curves (except for some on L( ) that mark transitional shock waves); a plus denotes a composite wave, i.e., a 2-rarefaction wave followed by a 2-shock wave (or transitional shock wave, if it lies on L( )) that is left sonic; and dotted curves mark certain 2-shock waves that are sonic on one side or the other. Points labeled with the same letters are joined by shock waves with the same speeds; for example, the pairs of points (m; m 0 ) and (m; m 00 ) correspond to shock waves with the same speed.
The three gures account for the three qualitatively distinct cases, which arise as follows. When = 0, the 1-family eigenvector at U ?0 is transverse to the invariant line L(0). Therefore, for su ciently small and U L close enough to U ?0 , W 1 (U L ) is transverse to the invariant line L( ) at their intersection point, m. The three cases di er in the position of m relative to the points B and C of Fig. 3.3 . We remark that the solutions for U L close to U ?0 generalize immediately to treat states U L that are close to any U L0 with the following properties: (a) W 1 (U L0 ) crosses L(0) transversally at U ?0 ; and (b) the fastest speed of the 1-wave from U L0 to U ?0 is strictly less than the 2-family characteristic speed of U ?0 . We refer the reader to Refs. 7] and 3] for details about 1-family wave curves.
To construct the solution of the Riemann problem we use certain admissible shock waves with left states near U ?0 and right states near U +0 . The implication of the bifurcation diagrams in Fig. 3.3 This shock wave is of the 2-family except in situation (1) when s < 2 (U + ; ) and U + is a saddle point, in which case it is a transitional shock wave. Each state on the line segment mq is the left state for a unique shock wave that is left sonic in family 2; the corresponding right state, which lies on m 0 q 0 , is a saddle point, so that this shock wave is of transitional type. By contrast, each state on qt is the left state for three left sonic shock waves of family 2. One of them is a transitional shock wave with right state lying on q 0 t 0 . Another shock wave has as its right state a node lying on the curve q 00 t 0 , and the right state of the third is a saddle point; there are no viscous pro les for these two shock waves. Notice, however, that there is an admissible (local) 2-shock wave from the state on q 0 t 0 to the state on q 00 t 0 . In the same way, in The 1-wave is followed by a 2-wave group comprising a 2-rarefaction wave to a state on D, a doubly sonic 2-shock wave to D 0 , and nally a 2-rarefaction wave to U R . The solution in region 3 is similar, except that the middle state lies below m in Fig. 5 .1 and below p in Figs. 5.2{5.3. For U R in region 2, the solution is a 1-wave to a middle state on W 1 (U L ), followed by a 2-rarefaction wave to a state that lies to the right of the curve DBCD, followed by a 2-shock wave that is left sonic. Part of the boundary of region 2, the curves q 00 t 0 in Fig. 5.1 and m 00 t 0 in Fig. 5.2 , is the limit of points, constructed as above, as the middle state tends to m from below. Another part, the curve p 0 m 00 in Fig. 5.2 (resp., p 0 n 0 in Fig. 5.3) , consists of 2-shock waves, from middle states on W 1 (U L ) between p and m (resp., p and n), that are left sonic. On the other side of this boundary lies region 11, which is reached by 2-shock waves from middle states on W 1 (U L ) between p and m (resp., p and n). The shock curves in this region end when the shock waves become right sonic in family 2; this happens on the remaining boundaries of region 11, namely p 0 q 00 and, in Fig. 5.3 , t 0 n 0 . Regions 10 and 12 are reached by following each of these right sonic shock waves with a 2-rarefaction wave.
In the remaining regions, the solutions have a three-wave structure, with a transitional wave in the middle. A transitional wave is one of two types: (1) a transitional shock wave from the rst middle state m to a second middle state, which lies on the dashed portion of L( ) to the right of m 0 in Figs. 5.1{5.2 and t 0 in Fig. 5.3 ; or (2) a transitional composite wave, occurring in Figs. 5.1{5.2, which consists of a 2-rarefaction wave from the rst middle state m to a state located between m and t followed by a transitional shock wave, left sonic in family 2, to a second middle state, which lies between t 0 and m 0 . In regions 6 and 7, the transitional wave is followed by a 2-rarefaction wave originating at the second middle state, whereas in regions 5 and 8 it is followed by a 2-shock wave. Some 2-shock curves in regions 5 and 8 end when the shock speeds coincide with the speed of the transitional shock wave; this occurs along the curves q 00 t 0 . The other 2-shock curves in regions 5 and 8 end when the shock waves become right sonic in family 2, along the dotted boundaries of these regions. The adjoining regions 4 and 9 are reached by following these right sonic 2-shock waves with 2-rarefaction waves. We review some terminology and facts from ordinary di erential equations. Let U 0 be an equilibrium of the planar di erential equation _ U = H(U), and let the eigenvalues of DH(U 0 ) be 1 and 2 . The equilibrium U 0 is said to be hyperbolic if Re( i ) 6 = 0, i = 1; 2. Suppose that both i are real; then U 0 is a saddle point if 1 2 < 0, whereas it is a node if 1 2 > 0. If exactly one i = 0, then U 0 is semihyperbolic. Let i be an eigenvalue of a saddle or the nonzero eigenvalue of a semihyperbolic equilibrium, and let V i be a corresponding eigenvector of DH(U 0 ); then there is a unique invariant curve through U 0 tangent to V i , called the stable (resp., unstable) manifold of U 0 if i < 0 (resp., i > 0). Let U 0 be a node with eigenvalues 1 < 2 < 0 (resp., 1 > 2 > 0), with corresponding eigenvectors V 1 and V 2 ; then there is a unique invariant curve through U 0 , tangent to V 1 , called the strong stable (resp., strong unstable) manifold of U 0 .
Let U 0 be a semihyperbolic equilibrium and let V be an eigenvector of DH(U 0 ) for the eigenvalue 0; then there is an invariant curve through U 0 tangent to V called the center manifold of U 0 (which need not be unique). Let the di erential equation on the center manifold be _ x = a 2 x 2 + a 3 x 3 + , and let be the nonzero eigenvalue at U 0 . Then U 0 is a saddle-node if a 2 6 = 0, whereas it is a weak saddle point if a 2 = 0 and a 3 < 0. A solution curve that tends to U 0 as t ! 1, from which some nearby solutions diverge as t ! 1, is called a separatrix. One may replace t ! 1 by t ! ?1 in this de nition.
At a saddle point, each branch of the stable and unstable manifolds is a separatrix. At a weak saddle with a negative eigenvalue, each branch of the stable and center manifolds is a separatrix. At a saddle-node with a negative eigenvalue, each branch of the stable manifold and one branch of the center manifold is a separatrix. See Fig. B.1 . Similar observations apply to weak saddle points and to saddle-nodes with a positive eigenvalue. A separatrix connection is a solution curve that is a separatrix as t ! 1 and as t ! ?1. Saddle-node bifurcations occur stably in one-parameter families. Transcritical bifurcations occur stably in families in which there is a known \trivial equilibrium" (x = 0 in appropriate coordinates). Pitchfork bifurcations occur stably in families with Z 2 -symmetry. If a saddlenode or transcritical bifurcation occurs at (U 0 ; s 0 ), then U 0 is always a saddle-node. In this paper, whenever a hysteresis or pitchfork bifurcation occurs at (U 0 ; s 0 ), then U 0 is a weak saddle point.
